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Abstract. The currently fastest exact algorithm for traveling salesman 
problem in cubic graphs is due to Iwama and Nakashima [Proc. CO- 
COON 2007]. By an improved analysis of their algorithm, we get a new 
better upper bound on its running time and show that for graphs with 
n vertices the bound is in 0(1.2553"). Analyzing the algorithm, Iwama 
and Nakashima derive recurrences with specific constraints and claim the 
numerical solution in 0(1.251"). However, this bound is incorrect and we 
found that the best solution is bigger. This implies that by the analysis 
given by Iwama and Nakashima one can conclude that the running time 
of the algorithm is in 0(1.2561"). 

1 Introduction 

Recently Bjorklund et al. [1] have shown that the classical Bellman-Held-Karp 
exact algorithms |2I3) for solving traveling salesman problem (TSP) can be mod- 
ified to run in time C((2 — e) n ), where n is the number of vertices and e > 
depending only on the maximum vertex degree. This provides the first upper 
bound on time complexity for TSP that lies below 2" for a broad class of graphs, 
namely bounded degree graphs. Particularly, applying the result by Bjorklund 
et al. for graphs, when the degree bound is three, one gets that TSP can be 
solved in time 2 3n / i n°^ = 0(1.682"). 

Exact algorithms for TSP in specific subclasses of bounded degree graphs, 
above all for cubic graphs, i.e. graphs with degree bounded by three, have been 
the subject of separate studies. In [3] Eppstein presents a sophisticated branch- 
ing algorithm that solves the problem on cubic graphs in time 2 n / 3 n°( 1 * 1 = 
0(1.260"). Thus, although the technique by Bjorklund et al. improves the up- 
per bound 2™ for any degree bounded > 3, for specific bounds, like e.g. 3, better 
methods exist. The currently fastest algorithm for TSP in cubic graphs is due 
to Iwama and Nakashima [5]. 

To speed-up finding Hamilton cycles, Eppstein's algorithm uses the fact that 
in cubic graphs selection of an edge to a growing cycle forces several further 
edges to be in the cycle or not. Moreover, in the algorithm a sophisticated idea 
is used to find a minimum-cost cycle at the bottom of recursion by computing 
a minimum spanning tree. This leads to recurrences for the number of edges n 



which has to be used from the current branch: 

T{n) = max{2T(ra - 3), T(n - 2) + T(n - 5), 2T(n - 4)}. 

In [5] Iwama and Nakashima improve Eppstein's upper bound modifying his 
algorithm and providing an interesting analysis of the new algorithm. Iwama 
and Nakashima start with considering the worst-case branches in the branching 
tree of Eppstein's algorithm. Their idea of improvement is to bound the number 
of worst-case branches in each path of the backtrack tree from the root to a leaf. 
They specify two kinds of such worst cases, so called ^4-branches and _B-branches 
(the exact definition will be recalled in Section [5]) , each of which resulting in a 
recursive branch from the current node (with parameter n) to two sons with 
parameter n — 3 each. Next, if a, resp. 6, denote the number of ^-branches, resp. 
_B-branches that happen from now, the idea is to bound a and 6 with respect 
to n and incorporate this into the analysis by introducing new parameters to 
recurrences which results essentially in the dependence 

2T(n - 3, a - 1,6), 
2T(n- 3, a, 6- 1), 
T(n-2,a,b)+T(n-5,a,b), 
2T(ra-4,a,6) 

(a complete recurrence will be recalled in Section [21 too) . Now the key idea of 
Iwama and Nakashima is to find the best possible bound on a + b with respect to 
n. In this way the total number of worst-case branches (i.e. A- and i?-branches) 
in each path of the backtrack tree will be bounded as well. From ([1]) one can 
easily see that 3a + 3b < n. The key lemma in [3] says that in each path of 
the tree from the root to a leaf if B-branches happen b times then at lest 36 
edges are selected by neither A- nor B-branches. This leads to the upper bound 
3a + 66 < n. 

Our Contribution and New Results 

In this paper we give an improved analysis of the algorithm by Iwama and 
Nakashima [5] . One of our main results says that in each path of the backtrack 
tree from the root to a leaf if i3-Branches happen 6 times then at least 46 edges 
are selected by neither A- nor _B-branches. Thus, we prove that 3a + 76 < n 
which leads to a new upper bound on time complexity for traveling salesman 
problem in cubic graphs. 

Analyzing the recurrences ([1]) with constraints 3a + 66 < n, Iwama and 
Nakashima claim in their paper the numerical solution for T is in 0(1.251"). 
However, this bound is incorrect and we found that the best possible solution 
for this recurrences with constraint 3a + 66 < n is 0(1.2561"). This implies that 
the run time of Iwama-Nakashima algorithm is in 0(1.2561"). 

By our analysis which uses similar recurrences, but with the new constraint 
3a + 76 < n, we are able to improve the upper time complexity by Iwama and 
Nakashima to 0(1.2553"). 



T(n, a, 6) 
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Related Work 



Applying the result by Bjorklund et al. for bounded degree graphs, when the 
degree bound is four, one gets that TSP can be solved in time 0(1.856"). Re- 
cently, Gebauer [5] gave an algorithm that runs in time 0(1.733") that can also 
list the Hamiltonian cycles. Very recently, Cygan et al. [7] showed a Monte Carlo 
algorithm with constant one-sided error probability that solves the Hamiltonian 
cycle problem in 0(1.201") time for cubic graphs and 0(1.588") for graphs of 
maximum degree four. 



2 Iwama and Nakashima's Algorithm 

The algorithm of Iwama and Nakashima [5] is based on Eppstein's TSP algorithm 
jj and is recalled in Table [TJ For a given cubic graph G and an initially empty 
set of forced edges F, it constructs successively a shortest Hamilton cycle in G 
choosing new edges from G\F. The chosen edges are then removed from G\F 
either by removing them from G or, if they are selected as Hamiltonian cycle 
edges, by adding them to F. The algorithm alternates between two phases. 

In the first phase, consisting of Step 1 and Step 2, iteratively return conditions 
are checked (Steps 1(a), 1(c), 1(d), 1(e), and Step 2) and some preprocessing 
steps are performed to maintain certain properties of G and F. Thus, when the 
iterations of this phase are finished, the algorithm either reaches the bottom of 
the recursion or it goes to the second phase with current G and F such that: G 
remains cubic and is a simple graph (due to steps 1(g) and (h)), it is triangle 
free (due to Step l(i)) and set F is a matching of G (due to Step 1(f)). Steps 
1(b) and l(j) add edges to F in cases where no branching is needed. In Step 2, 
the algorithm returns if G \ F only consists of a set of not connected 4-cycles. 

In the second phase, consisting of Steps 3-6, a branching edge in G \ F is 
chosen and then the algorithm recursively solves two subproblems: in the first 
one it searches for the shortest cycle adding the chosen edge to a growing cycle 
and in the second one removing it from G. 

Figure[T]shows all possible branching cases, where branches made by Step 3(bl) 
and 3(b2) are divided into A-, B- and D-branches. Let us consider a path P in 
a branching tree of the algorithm and assume we are at some point along this 
path. Let a and b be the number of A- and B-branches, resp., which will occur 
later on this path. Let further / be the number of free vertices in G at this point 
(a vertex is free if it is not incident to an edge in F) and n be the number of 
edges, which still have to be selected. With T as the number of nodes in the 
backtrack tree, Iwama and Nakashima conclude to the recurrence equations 



'2T(n-3,a-l,6,/-4), 

. 2T(n- 3, a, 6- 1,/), 
T(n,a,b,f) < max i / ' ' ' . 2 

^T(n-2,a,6,/-2) + T(n-5,a,6,/-2), 

.2T(»- 4,o,6,/). 
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(a) Branch made in Step 3(a) (b) yl-branch (c) _B-branch 
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(d) D-branch (e) D-branch 

Fig. 1. Branching cases of the algorithm; bold black line: edge in F; bold gray line: 
edge selected by the current branch or forced to be selected in Step 1 directly after the 
branch; dashed line: edge removed by the branch or forced to not appear in a cycle. 

n + ^(q + 2b) + //8 

By assuming a solution of T(n, a, b, /) = 2 J they provide the 

following upper bound on a and b values a+2b < n/3, and conclude an 0(1.251") 
upper bound on the running time of the algorithm. In the proof that the solution 
function above satisfies the recurrence formulas ([2]), among others, the following 
inequality is shown 

n+i(a + 26) + //8 

T(n - 2, a, b, f - 2) + T(n - 5, a, b, f - 2) > 2 a = T(n, a, b, /), 

which means that recursively breaking down a problem into two subproblems 
and then solving both subproblems is more difficult than the problem itself. 
However, a proof for the opposite inequality fails. Besides providing T to be as 
small as possible, the opposite inequality is necessary to prove the solution is 
valid. Indeed, including this as another constraint, the analysis concludes to an 
0(1.2561") upper bound on the running time. 



3 Improving the Analysis 

In order to improve the bound on the algorithm, we will increase the lower bound 
on edges selected by Z?-branches. We make a small modification in the algorithm 
of Iwama and Nakashima and add one more sub-priorization (indicated in italic 
font below). Before, let us recall that a 6-cycle in G is called live if none of its 
six cycle edges are selected and that a 6-cycle which is not live is called dead. 

3(bl) If there is no such 4-cycle and if G\F contains a live 6-cycle with a vertex y 
which has a neighboring edge in F (that is not a cycle edge but an attaching 
one), let z be one of y's neighboring vertices (on the cycle). If two or more 
such live 6-cycles exist, then select a 6-cycle such that most attaching edges 
are already selected. If there is more than one such edge yz in the 6-cycle, 
choose yz so, that z also has a neighboring edge in F. 

It is easy to see, that the correctness as well as the analysis steps done by 
Iwama and Nakashima are not affacted by this modification. We start with the 
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following fact observed by the authors in the proof of Lemma 1 in [5] . For the 
sake of completeness, let us recall that C(i), with < i < 6, denotes a live 6-cycle 
such that i edges of its six attached edges have already been selected ([5]). 

Lemma 1 ([5]). Let C be a (live) (7(3)-, C(4)- or C '(5) -cycle and assume a 
single branching of the algorithm increases the number of selected edges that are 
incident to C but still leaves C live (thus, e.g. (7(4) changes to (7(5) or C(6)). 
Then the branch is a D -branch. 

The key lemma in [5] says that if a 6-cycle C becomes C (6) then at least three 
of six attached edges of C have been selected by D-branches. Actually, a more 
subtle analysis reveals that there exist cubic graphs for which some C(6)-cycles 
have only two attached edges selected by D-branches. However, extending this 
analysis one can assign to each such cycle at least one additional edge selected 
either by a D-branch or in Step 2 of the algorithm (for an example see Fig. [B] 
in the appendix). An important feature is that now, the assigned edges do not 
need to be attached to the C(6)-cycle anymore. But, since the assigned edges 
are pairwise disjoint for all such cycles, this still suffices to prove the crucial 
property, that in each path P of the tree if B-branches happen b times then at 
least 3b edges are selected by neither A- nor _B-branches. Our aim is to increase 
this number to 46. To prove this we will distinguish between two types of 6-cyles 
which become C(6). 

Definition 1. Let P be a single path of the backtrack tree and let C be a (7(6) 
cycle somewhere on P. We call C a i?i-cycle if it becomes C(6) by changes on 
P from (7(0) to (7(6) without becoming (7(3) in between. Cycle C is called a E>2- 
cycle if it changes on P from (7(0) to (7(3) and then from (7(3) to (7(6) ( directly 
or indirectly) . We call an edge a B- attaching edge if it is an edge attached to a 
Bi-cycle or Bi- cycle. 

Lemma 2. Let P be a single path of the backtrack tree and suppose that we have 
a B\-cycle, say C, somewhere on P. Then it holds that either (i) at least four 
attached edges of C have been selected by D -branches or (ii) at least two attached 
edges of C have been selected by D -branches and there exist two additional edges 
selected by D-branches or in Step 2. Moreover, the additional edges are pairwise 
disjoint for all such C(6)-cycles. 

Proof. We consider three cases. In the first case, the cycles become (7(6) directly 
from C(0), (7(1) or C(2). Then, clearly at least four edges are selected by a single 
D- branch. In the second case, the cycle becomes C(6) through C(4) and in the 
third case through C(5). 

Let us consider the second case first. In the proof of Lemma 1 in [5 , it is 
shown that the change from C(0) to C(4) and from C(l) to C(4) are caused by 
D-branches. Since, by Lemma [T] above, changes form C(4) to C(6) are caused 
by D-branches, too, the claim follows. Thus the only sub-case that remains to 
be considered is the change from C(2) to C(4). If it is due to a D-branch, we 
are done. Otherwise, assume the change from (7(2) to (7(4) is performed by an 
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A-branch. The change from (7(4) to (7(6) (direct or indirect) causes that at least 
two attached edges of (7(6) have been selected by D-branches. Thus, we need to 
show that during this change at least two additional edges are selected by D- 
branches or in Step 2 such that they will not be assigned to another C(6)-cycle. 
We prove this by case analysis on the possible configurations resulting by an 
application of the algorithm to a (7(£)-cycle, with £ > 4, which causes a selection 
of the edges to the C(4) cycle. The analysis is essentially similar to that one 
presented in the proof of Lemma and since it requires a consideration of a 
smaller number of possible configurations, we omit it here. 

Finally, let us consider that cycle C be- ? 
comes (7(6) through (7(5) but not through 
C(4) in between. Obviously, the change from a * 

(7(0) to (7(5) and from (7(1) to (7(5) are — <j 

caused by D-branches which select at least e • 

four attached edges of (7. Thus, the only sub- 
case we need to analyze is the change from 9 • 
(7(2) to (7(5). It is not difficult to see that 
such a direct change cannot be done by an Fig. 2. A-branch in a C(2). 
A-branch. Indeed, if we assume to the contrary that such a change is caused by 
an A-branch then it has to be done in Step 3(bl). So, assume that in this step 
a (7(f)-cycle, with £ > 2, becomes dead. Since for an A-branch four vertices of 
C(£) have to be free, the only configuration which causes that change is due to 
a C{£) cycle, with £ = 2, as seen in Fig. [21 Therefore, the edges ab and cd have 
to be cycle edges of (7. Since c is incident to an edge in F, be is also a cycle edge 
of C. Consider the path along the cycle (7 starting from a over b and c to d. The 
path has to visit g next and then complete the 6-cycle by returning to a. Since 
de and eg get contracted, the path from d to g has to have at least three edges. 
Otherwise, a triangle contraction would be performed on (7. Thus, we have a 
path length of three from a to d and a path length of at least three from d to g. 
With at least one more edge to get from g back to a the cycle C has a length 
of at least seven, which is a contradiction to (7 being a 6-cycle. We conclude 
that the change from (7(2) to (7(5) can not be performed by an A-branch. This 
completes the proof. □ 

Lemma 3. B-attaching edges are pairwise disjoint or if one B-attaching edge 
is incident to two C(6)-cycles then it was generated by contraction of at least 
two disjoint B-attaching edges. 

This fact can be seen by considering the branch types and properties of B\- and 
£?2-cycles. Since this fact is already in use by Iwama and Nakashima, the proof 
is omitted here. 

Lemma 4. Let P be a single path of the backtrack tree and suppose there are b\ 
Bi-cycles on P. Then there exist at least 46i edges which are selected neither by 
A- nor by B-branches. 

Proof. This follows directly from Lemma [5] and Lemma [3] □ 
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Lemma 5. For every single path P of the backtrack tree if C is a B^-cycle, 
somewhere on P, then the last three B -attaching edges of C (i.e. edges which 
were attached to C when it was a C(3)-, C(4)-, or C(b)-cycle) have been selected 
by D-branches. 

Proof. For a C(3) to become C(6), three attaching edges have to be selected. 
With Lemma [TJ these three edges have to be selected by D-branches. □ 

Before we show the main result of this section, we define an internal edge as 
a selected edge with certain properties. 

Definition 2. Let P be a single path and Q\,Qi, ■ ■ ■ denote the branches along 
P , which are not B-branches. Let Ej be the set of edges selected as direct con- 
sequence of branch Qj along P. These are the edges selected by the branching 
itself and edges selected by subsequent tasks in Step 1. Note that the contraction 
of adjacent edges does not modify Ej . Be further Ep — (J . Ej . Then an edge is 
called an internal edge, if it is (i) selected by a D-branch and has two adjacent 
edges in Ep or (ii) selected to a resulting Hamiltonian cycle by Step 2. 

An essential property of an internal edge is, that it is neither a S-attaching edge 
nor an edge selected by A- or i?-branches. 

Lemma 6. Let P be a single path of the backtrack tree and suppose there are bi 
Bi-cycles on P. Then there exist at least bi internal edges for P and they are 
disjoint with the Ab\ edges counted in Lemma^ 

Proof. Let P be a single path of the backtrack tree. We examine branches, let us 
denote them by Q%, Q2, ■ ■ ., along P attaching an edge to a cycle C(3), C(4) or 
C(5), which becomes a i?2-cycle on P. Thus, the attached edges are £?-attaching 
edges and by Lemma [5] we have that the branches Q\, Q2, ■ ■ ■ are .D-branches. 
Our aim is to show that for every .E?2-cycle C on P, selecting the last three B- 
attaching edges of C forces an existence of at least one internal edge. From the 
proof it will be clear that the internal edges are pairwise disjoint and different 
with the ones counted in Lemma [4] 

A crucial property of the algorithm is that performing a branch Qj , described 
above, a selection of a new edge attached to C(i), with i = 3,4, 5, can be done 
only by choosing an edge yz in Step 3(a) or in Step 3(bl) and recursive call on 
G,FU {yz} or on G \ {yz}, F. 

To prove our claim we analyze all possible branchings that can be performed 
in Step 3(a) and 3(bl). Figure [3] shows an example of such a branching. Note 
that performing branches made due to Step 3(bl) means, that some other C(£)- 
cycle incident to C(i), with i < £ < 5, have to become dead by applying this 
step. 

In our proof we will analyze all possible configurations which can occur on 
the path P resulting by an application of Step 3(a) or Step 3(bl) and Step 1 to 
select and to remove edges forced by the edge chosen in Step 3(a) or Step 3(bl). 
Figure [3] shows two such possible configurations when in Step 3(bl) a C(5) is 
chosen to become dead. Note that the both configurations become equivalent 
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Fig. 3. An example of a branching Qj performed due to Step 3(bl): in a (live) £7(5) 
cycle an edge yz is chosen what causes that the cycle becomes dead after the branch 
and a new edge attached to a C(i) is selected (which is not shown in the figure), with 
3 < i < 5. Similarly as in Fig. \T\ a bold black line indicates an edge in F, a bold gray 
line an edge selected by the current branch or forced to be selected in Step 1 directly 
after the branch, and a dashed line indicates an edge removed by the branch or forced 
to be removed in Step 1. 



with respect to symmetry. Figure 1(a) shows the only two configurations for 



Step 3(a), Fig. H] shows all possible pairwise non-equivalent configurations for 
Step 3(bl). They will be discussed in details in the following points. Note that 
the number of possibilities for cases involving C(3) and C(4) is reduced due to 
our modification of the algorithm. 

Let i be the number of internal edges and p be the number of other edges 
selected due to branches Qj on the path P. Note that p is at least the number 
of B-attaching edges selected by branches Qj which were attached to _B 2 -cycles. 



II I " IT * I II 

■ ■ • •< ■ ■ • • • • • .*~*. 
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(a) (7(5) (b)C(4) (c)V(4) (d)V(4) (e)V(4) 
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(f) C(3) (g) C(3) (h) C(3) (i) C(3) (j) £7(4) (k) pattern 

Fig. 4. All possible configurations, resulting by an application of Step 3(bl) and sub- 
sequent iterations of Step 1 to a C(^)-cycle such that, in the end, a new edge is added 
to a C(z) (not seen in the figure), with 3 < i < I < 5. 

In Step 3(a), depending on the branch two configurations occur, as shown 



in Fig. 1(a) Let us first consider the left configuration of the figure where the 
edge yz is selected. In consequence of Step 1, the fourth edge of the 4-cycle is 
selected, too. We first assume, that z as well as the non-cycle vertex of the other 
selected edge has been free, so that no further edges are selected by Step 1. A 
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4-cycle is called isolated, if all cycle edges are in G\F and all adjacent edges are 
in F. Since the 4-cycle became isolated, two internal edges will be selected by 
Step 2 at the end of the algorithm for selecting the two other edges by Step 3(a). 
Thus, we have i = 2 and p = 2. In the case when one or both vertices are not 
free, i.e. it has one selected edge attached before the branch, a pattern as shown 



in Fig. 4(k) occurs. This pattern can be repeated, but each occurence of it will 
increase both i and p by one. Let m be the number of occurences of this pattern, 



then in the left configuration of Fig. 1(a) for each other edge, we select at least 



i 

P 



> 1 for Fig. 1(a) left 



internal edges. 



Let us consider the right configuration of Fig. 1(a) where the edge yz is 



removed from G. In consequence of Step 1, the fourth edge and one cycle edge 
are removed, too, and three of the cycle edges are selected. All three cycle edges 
are internal edges and no other edge has been selected. Therefore, in the right 



configuration of Fig. 1(a) for each other edge, we select at least 



% 
P 







> 1 for Fig. 1(a) right 



internal edges. Note that for m = the case has not to be considered at all, 
since only internal edges are selected. 

Next we consider the configurations for Step 3(bl) (see Fig. H]) and start 
with the case in Fig. 4(a) Assume, that the rightmost vertex is free. Then three 
internal edges are selected and one other edge is selected. If the rightmost vertex 
is not free, again the pattern in Fig. |4(k)| occurs and for each other edge, we 
select at least 

£ = 3_+m > 1 fo „ 
p 1 + m ~ b 

internal edges. Analogously, for the cases [4(bJ| to |4 (h)| we select at least 



> 1 



for Fig. [4(b)1 and [4(d)1 - [4(e)] 



~>~ for Fig. [4(H)] 



m 1 
— > - 

3 



m 
m 



> 1 



for Fig. [4(f)] 

for Fig. [4(i)1- [4(h)] 



internal edges per other edge. In all these cases, for selecting three other edges 
at least one internal edge is selected. Thus, selecting one B- attaching edge by 
the cases of Fig. 1(a) and 4(a)|4(h) selects at least 1/3 internal edges. We will 



show, that this also holds for cases 4(i) and 4(j) 



Let us consider a branch Q of the case 4(j) If none of the selected edges is 
attached to a £?2-cycle, we can skip this branch. In the other case, both selected 
edges are attached to a £?2-cycle C. Thus, the branch is embedded in a graph 



as shown in Fig. 5(a) where from 5(c) cycle C can be seen by dotted edges and 
the branching cycle C by bold edges. Note that one more edge in Fig. 5(a) is 
already selected due to the fact that C is at least C(3). 
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(a) C as (7(3) (b) C as (7(3) (c) cycles C and C" (d) both (7(3) 



Fig. 5. Graph in case 4(j) (c) shows C by dotted edges and C' by bold edges 



If C is C(3), then it would change to C(5) by Q. Once C(5), case 1(a) or 4(a) 
has to be applied and selects at least one internal edge for selecting one other 
edge. 

If C is C(4), we take a look at the situation directly before the branch Q', 
which changed it from ( 7(3) to (7(4). If the 6-cycle C is (7(4) as in Fig. [5(a)] Q' 



has to be of case 



la 



4(a)||4(ej where obviously 4(c) and 4(j) 



can not occur. 



The same argument applies, if one of the two bottommost edges of C is not 



selected, as shown in Fig. 5(b) Here we can find another C(4). In both cases, at 



least one internal edge is selected for selecting one other edge. 

It remains to consider that one (or two) of the topmost edges e of C' is not 
selected and has to be selected by the D-branch Q', as shown in Fig. |5(d)] Here 
we are not limited to branches in (7(4) or (7(5). It is easy to see, that case |4(j)' 
is not applicable. All other cases select e as other edge, but not as internal edge. 
When now in branch Q the two new other edges are selected, e can be considered 
as internal edge. Thus it is legible to consider this edge as internal edge selected 
by this branch. 

In all subcases of |4(j)| at least one internal edge was selected for selecting at 



most three other edges (two from case 4(j) and up to one by taking an previous 
branch into account). It therefore holds 



p 3 3 1 



Let us now consider case 4(i) This case can only select S-attaching edges 
attached to a (7(3), not to a (7(4) or (7(5). Let C" be a i?2-cycle which is (7(3) 
and case 4(i) will select one or two of its B-attaching edges. 

In the first case, two edges of C" are selected by this branch. Then C" 
becomes (7(5) and the third f?-attaching edge selected by a Qj must be selected 
by case 4(a)| selecting at least one internal edge. Thus, in this case selecting 
three B-attaching edges of C" by Qj will select at least one internal edge. 

In the second case, only one edge e' of C" is selected by this branch. It is 
easy to see that the other edge e" selected by this branch then can not be a 
£>-attaching edge to another B\- or £?2-cycle. With selecting or removing one of 
the adjacent edges of e", it will become an internal edge. Thus it is legible to 
consider this edge as internal edge selected by this branch. 



Note that this branch could be branch Q' in the proof for case 4(j) where we 
used a similar argumentation selecting an edge as internal edge. The internal edge 
could then be the same and thus can only be counted once for both branches. 
Since four edges are selected by these two branches together and one of them 
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can be considered as internal edge, one internal edge gets selected for three other 
edges. 



Thus, in case |4(i)| selecting three i?-attaching edges of C" by branches Qj 
will select at least one internal edge. 

i 1 1 



> - forgr; 

p 3 3 1 



In total we can conclude that for 6 2 i?2-cycles, at least 62 internal edges are 
selected. □ 



Now, let P be a single path of the backtrack tree and suppose there are b\ 
-Bi-cycles, and &2 i?2-cycles on P. Then by the Lemmata [3j [4] and [6] the following 
claim holds. 

Lemma 7. For a single path P there exist at least 46i + 3&2 + ^2 edges which 
are neither selected by A- nor by B-branches. 

By Lemma [7] at least 4bi + 3&2 + b 2 = 4(&i + 62) = 46 edges are selected 
neither by A- nor by £>-branches. Thus, the bound of a + 2b < n/3 in jS] can be 
improved to 

7 n 

3a + 3b + 4b<n O a + -&<-. (3) 



4 Recurrence Analysis for Step 3(a) 

Iwama and Nakashima [5 modify Step 3(b) of Eppstein's TSP algorithm [J, 
leaving all other steps of Eppstein's algorithm and therefore especially Step 3(a) 
unchanged. In their analysis, however, they do not consider the Step 3(a) explic- 
itly. Furthermore, we modified the analysis and thus we want to confirm, that 
the branching in Step 3(a) does not impair the upper bound found by this paper. 

Step 3(a) occurs, if and only if there are four unforced edges in a 4-cycle, 
which has exactly two neighboring adjacent edges in F, which are not part of 



the 4-cycle, as shown in Fig. 1(a) The case of two opposite adjacent edges in F 
does not occur at this point of the algorithm, because in this case Step 1 would 
select all adjacent non-cycle edges to be in F. This also applies for three edges 
in F adjacent to the 4-cycle. 

Let y be one of the two vertices of the 4-cycle not adjacent to an edge in 
F. Then in Step 3(a), an edge yz of G \ F is chosen, which does not belong to 



the 4-cycle, as shown in Fig. 1(a) This edge can either be selected (left case) or 
removed from the graph (right case). 

In the left case shown in Fig. l(a)| the edge yz is selected. In consequence, 



Step l(j) of Eppstein's algorithm selects the fourth edge and so two edges are 
selected and the number of free vertices decreases by two. In the right case of 



Fig. 1(a) the edge yz is removed from G. In consequence, two more edges are 
removed, three edges selected and the number of free vertices is decreases by 
two. 
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If we use the same parameterization as in [5], including of this branching 
analysis would impair the upper bound found by the recurrence equations de- 
duced from the branching cases in Step 3(bl) and (b2). However, it is possible 
to adapt the recurrence equations and the analysis in that way, that Step 3(a) 
is kept within the bounds given by the other recurrence steps. 

To be able to handle Step 3(a) properly, Eppstein uses as parameter of his 
recurrence se pp = |^(G) — \F\ — \C\, where |C| denotes the number of isolated 
4-cycles. For comparison, Iwama and Nakashima use n — \V(G)\ — \F\ as corre- 
sponding recurrence parameter. 

For our analysis, we define s — \V(G)\ — \F\ — 2\C\ to take the place of n 
in Iwama and Nakashima's recurrence equations. Because every isolated 4-cycle 
requires Step 2 to select two more edges, it holds |F| + 2\C\ < \V(G)\. 

Observation 1 The recurrence equations (0) considered by Iwama and Naka- 
shima valid for n remain valid when replacing n with s. 

Proof. As a simple observation, s < n holds. Furthermore the number of isolated 
4-cycles \C\ never decreases on a recurrence path. Thus, the claim follows. □ 



We reconsider the left case of Fig. 1(a) with respect to the parameter s. The 



number of 4-cylces \C\ is increased by one in this case and therefore s decreases 
by four. For Step 3(a), we conclude to 

T(s, a, b, f) = T(s - 4, a, b, f - 2) + T(s - 3, a, 6, / - 2). (4) 



5 Analysis and Results 



We define the recurrence function T in a slightly different way than Iwama and 
Nakashima, using the parameter s instead of n as stated in Section [4l Based on 
the recurrence equations deduced from the branching cases and we define 



T(s, a, b, f) = max < 



2T(s-3,a- 1,6,/ -4), 
2T(s-3,a,b-l,f), 

T(s-2,a,b,f-2)+T(s-5,a,bJ-2), 
2T(s-4,a,bJ), 

T(s - 4, a, b, f - 2) + T(s - 3, a, b, f - 2). 



(5) 



Note that for |V(G)| = \F\ + 2\C\ we get in the recurence above s = meaning 
the bottom of the recurrence. 

By this definition, T is an upper bound on the number of leaves in a branching 
tree of the algorithm. Note that this way we can omit the addition of a constant 
in each recurrence step. Due to the fact that the branching tree is binary, the 
number of nodes in a branching tree is always less than or equal to 2T. 

In order to find a solution for the recurrence ([5]), we consider a solution of 
the form 

R(s, a, b, f) = 2 QS +< 3 ( a +! fc )+T/ (6) 
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with the property that for all s, a, 6, / holds: T(s,a, b, f) < i?(s, a, b, f). Obvi- 
ously it is true that f <n and s < n. Next applying ^ it follows 

2as+/3(a+j6)+7/ 2Q«+/9f +7™ _ 2( a +'§+">')™ 

Therefore, we have to minimize a + 8/3 + ^ with respect to the constraints given 
by the recurrence equation in ([5]). With ©, the constraints can be written as 

2R(s - 3, a - 1, b, f - 4) = 2^ a ~ l3 ~ A ^ +1 R(s 7 a, b, f) 
2R(s - 3, a, b - 1, /) = 2(- 3 «-i« +1 i?( S , a, 6, /) 
fl(s - 5, a, 6, / - 2) + i?(s - 2, a, 6, / - 2) = (2- 5 "- 2 t + 2 - 2q - 2 t) i?( s , a , 6, /) 

2i?(s - 4, a, 6, /) = 2<- 4a ) +1 #(s, a, 6, /) 
R(s - 4, a, 6, / - 2) + - 3, a, 6, / - 2) = ( 2 - 4 «-^ + 2 - 3 ^) J?(s, a, b, f) 

(8) 

From §5§ and ([5]) we conclude, that a solution is valid under the constraints 

3a + /3 + 4 7 >l, 3a+-j8>l, 2~ 5a - 27 + 2" 2q - 27 < 1, 

3 ~ (9) 

4a > 1, 2- 4a - 2 i + 2- 3q - 2 ^ < 1. 
Minimizing a + /3/3 + 7 under ([5]) gives a rational approximation 

157 „ l-3a 20 8 20 

a= , 8= = , 7 = - = , (10 

531 2 413' ' 3 1239 v ' 

"+f + 7 = ^, 2#»„ 1.25523. (11) 

When using the minimum itself instead of its rational approximation, the 
first three constraints are tight. For the rational approximatian, still the first 
two constraints are tight. 

By (TTTj) . we concluded to an upper bound for our new analysis of 0(1.2553"), 
thus improving the bound of 0(1.260") as found in 4 . This can be compared 
to the upper bound of 0(1.2561") achived by solving the recurrence equations 
without the improvements in the analysis introduced by this paper. 
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Table 1. Iwama and Nakashima's Algorithm with our modification 

1. Repeat the following steps until one of the steps returns or none of them applies: 

(a) If G contains a vertex with degree zero or one, return None. 

(b) If G contains a vertex with degree two, add its incident edges to F. 

(c) If F consists of a Hamiltonian cycle, return the cost of this cycle. 

(d) If F contains a non-Hamiltonian cycle, return None. 

(c) If F contains three edges meeting at a vertex, return None. 

(f) If F contains exactly two edges meeting at some vertex, remove from G that 
vertex and any other edge incident to it; replace the two edges by a single 
forced edge connecting their other two endpoints, having as its cost the sum 
of the costs of the two replaced edges costs. 

(g) If G contains two parallel edges, at least one of which is not in F, and G has 
more than two vertices, then remove from G whichever of the two edges is 
unforced and has larger cost. 

(h) If G contains a self-loop which is not in F, and G has more than one vertex, 
remove the self-loop from G. 

(i) If G contains a triangle xyz, then for each non-triangle edge e incident to a 
triangle vertex, increase the cost of e by the cost of the opposite triangle edge. 
Also, if the triangle edge opposite e belongs to F, add e to F. Remove from G 
the three triangle edges, and contract the three triangle vertices into a single 
supervertex. 

(j) If G contains a cycle of four unforced edges, two opposite vertices of which are 
each incident to a forced edge outside the cycle, then add to F all non-cycle 
edges that are incident to a vertex of the cycle. 

2. If G \ F forms a collection of disjoint 4-cycles, perform the following steps. 

(a) For each 4-cycle d in G\F, let Hi consist of two opposite edges of d, chosen 
so that the cost of Hi is less than or equal to the cost of d \ Hi . 

(b) Let H = UiHi. Then F U H is a degree-two spanning subgraph of G, but may 
not be connected. 

(c) Form a graph G' = (V' , E'), where the vertices of V' consist of the connected 
components of F U H. For each set Hi that contains edges from two different 
components Kj and K k , draw an edge in E' between the corresponding two 
vertices, with cost equal to the difference between the costs of d and of Hi. 

(d) Compute the minimum spanning tree of (G' , E'). 

(e) Return the sum of the costs of F U H and of the minimum spanning tree. 

3. Choose an edge yz according to the following cases: 

(a) If G \ F contains a 4-cycle, two vertices of which are adjacent to edges in F, 
let y be one of the other two vertices of the cycle and let yz be an edge of 
G\F that does not belong to the cycle. 

(bl) If there is no such 4-cycle and if G \ F contains a live 6-cycle with a vertex y 
which has a neighboring edge in F (that is not a cycle edge but an attaching 
one), let z be one of y's neighboring vertices (on the cycle). If two or more 
such live 6-cycles exist, then select a 6-cycle such that most attaching edges 
are already selected. // there is more than one such edge yz in the 6-cycle, 
choose yz so, that z also has a neighboring edge in F. 

(b2) If there is no such 4-cycle or 6-cycle, but F is nonempty, then let uy be any 
edge in F such that y is adjacent to at least one vertex which is not free. Let 
yz be an edge in G \ F between y and such a vertex (= z). If there is no such 
uy, then let uy be any edge in F and yz be any adjacent edge in G \ F . 
(c) If F is empty, let yz be any edge in G. 

4. Call the algorithm recursively on G, F U {yz}. 

5. Call the algorithm recursively on G \ {yz}, F. 

6. Return the minimum of the set of at most two numbers returned by the two 
recursive calls. 




(a) Arbitrary edge selected due to (b) First A-branch 

Step 3(b2) 




(c) Edge contraction and second A- (d) Edge contraction and third ^4-branch 

branch 




(e) Edge contraction and Step 3(a) 



Fig. 6. C(6) with four attached edges selected by A-branches 
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